In this work, we propose a new approach to accurate calculation of heat capacities at constant volume and pressure of TiO2 anatase and rutile. The evaluation model is based on the Einstein-Debye approximation which has been extensively used in solid state physics. The application of proposed approach to anatase and rutile titanium dioxide computations results is shown to be well numerically satisfactory. This approach is valid in wide temperature ranges and can be suggested for accurate evaluation of thermal properties of solids. The calculation results are in well agreement with the literature values reported by other studies.
Introduction
The titanium dioxide TiO 2 plays important roles in fundamental studies, such as solar cells, biosensors, photocatalysis and thermoelectric devices [1] [2] [3] [4] [5] [6] [7] . Titanium dioxide is found in nature in three forms as anatase, rutile, and brookite polymorphs. Note that anatase has more applications despite is less stable than other states. The accurate evaluation problem of thermodynamic properties in various temperature ranges is extremely important for its application area to the conversion of heat into electric power [1, 2] . In the studies dedicated to investigate the thermal properties of titanium dioxide, the various methods have been applied for the whole range of temperature [6] [7] [8] [9] [10] [11] [12] [13] [14] . Especially, in study [1] , there are some significant numerical results of the isothermal bulk modules, heat capacities, entropy, thermal expansion coefficient and vibrational Helmholtz free energy for titanium dioxide. Also, the some efficient solution approaches are also given in Refs. [12, 13] . In spite of these progress, an alternative new approach is required for accurate evaluation of thermal properties of anatase and rutile TiO 2 .
The Einstein and Debye models separately play an important role in evaluation of thermal properties of solids. The Einstein model convoluted with the Debye approximation is one of the most important ingredients for accurate implementation of the heat capacity of solids [15, 16] . The Einstein-Debye model, where all acoustic waves have the same phase velocity and all optical branches have the same frequency, can be used to approximate both acoustic and optical parts of the phonon spectrum. With this in mind, the authors [15, 16] have obtained the general analytical expression which is dependent both on the Einstein temperature and the on Debye temperature. The * e-mail: turalmehmetoglu@yahoo.co.uk application of proposed method for calculation of heat capacities of TiO 2 in wide range of temperature should be evaluation of the n-dimensional integer and noninteger Debye functions rapidly and accurate. A general formula has been established for the Debye functions with the integer and noninteger values of n [17] . By using this method, we can calculate the heat capacities of TiO 2 in wide range of temperature.
In this study, we propose an alternative and basic method for calculation of heat capacities of anatase and rutile TiO 2 based on the Einstein-Debye model. The obtained results are compared with the literature data and calculation results provide good agreement for arbitrary values of temperature. Our results could be used as a theoretical support for experimental studies of TiO 2 such as the study of phonon densities [14] and entropy [18] .
Definition and analytical expressions
Based on a Debye-Einstein model, formulae for evaluation of heat capacities C V and C P can be written as, respectively [15, 16, 19] :
is the isochoric heat function and s is the number of atoms in one crystalline lattice point. The L V (T, θ D ) functions for n-dimensional crystal are defined as [15, 16] :
and the function A (T, θ E ) is the Einstein function [15] :
The L V (T, θ D ) isochoric heat function is expressed in terms of the n-dimensional integer and non-integer Debye functions as
where D n (1, x) are the n-dimensional Debye functions and generally defined as
Recently, the general analytical formula for the ndimensional Debye function is given by [17] :
where N is summation limit and F i (−β) are binomial coefficients defined as [20] :
Numerical results and discussion
Based on the Einstein-Debye approximation, we have calculated the heat capacities of anatase and rutile TiO 2 for integer and noninteger values of n. The use of the present method for evaluation shows, in its simplicity, a well accuracy. In Tables I-IV our In the case where integer and noninteger n is applied the results obtained was found to much closer to the experimental data. As seen from the results the main advantages of the analytic approach we analyzed here are, first, that it is valid for an arbitrary temperature range and, in the sense that, it has no insufficiency. Figure 1 shows temperature dependence of calculated heat capacity of TiO 2 compared with another reported literature values. We can see a satisfactory agreement between the calculated and literature results of anatase and rutile titanium dioxide. As a matter of fact, our formula to compute the n-dimensional Debye functions, occurring in Eq. (6), is faster with respect to other known proposed approaches. The accuracy of analytical method is acceptable and can be suggested for evaluation of other thermal properties of titanium dioxide.
